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============

A positive sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X = (X_{n})$\end{document}$ is said to be a quasi-*f*-power increasing sequence if there exists a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K = K(X, f) \geq 1$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K f_{n} X_{n} \geq f_{m} X_{m}$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n \geq m \geq 1$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f = [f_{n}(\eta, \zeta)] = \lbrace n^{\eta }(\log n)^{\zeta },\zeta \geq 0,0 < \eta < 1\rbrace $\end{document}$ \[[@CR15]\]. If we set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\zeta =0$\end{document}$, then we get a quasi-*η*-power increasing sequence \[[@CR16]\].

With the help of generalized Cesáro $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi -\vert C, \alpha, \beta; \delta \vert _{k}$\end{document}$ summability, we modernized the results of Bor \[[@CR14]\] and established the following theorem.

Theorem 3.1 {#FPar6}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X_{n}$\end{document}$ *be a quasi*-*f*-*power increasing sequence for some* *η* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\eta <1$\end{document}$). *Suppose also that there exists a* *ξ*-*quasi*-*monotone sequence of numbers* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(A_{n}) $\end{document}$ *such that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sum n \xi_{n} X_{n}=O(1), \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \Delta A_{n} \leq \xi_{n}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \vert \Delta \lambda_{n}\vert \leq \vert A_{n}\vert ,\quad \textit{and} \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sum A_{n} X_{n}\quad \textit{is convergent for all }n. \end{aligned}$$ \end{document}$$ *Then the series* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\sum a_{n}\lambda_{n}} $\end{document}$ *is* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi -\vert C, \alpha,\beta; \delta \vert _{k}$\end{document}$ *summable for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k\geq 1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\alpha \leq 1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta > -1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha +\beta >0 $\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta \geq 0$\end{document}$, *if the following conditions are satisfied*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \vert \lambda_{n}\vert X_{n}=O(1)\quad \textit{as }n \rightarrow \infty, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sum_{n=v}^{m} \frac{\varphi_{n}^{k-1}}{n^{(\alpha +\beta -\delta +1)k}}=O \biggl(\frac{ \varphi_{v}^{k-1}}{v^{(\alpha +\beta -\delta +1)k-1}} \biggr), \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sum_{n=1}^{m} \frac{\varphi_{n}^{k-1}(w_{n}^{\alpha, \beta })^{k}}{n ^{k-\delta k}}=O(X_{m})\quad \textit{as }m\rightarrow \infty, \end{aligned}$$ \end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w_{n}^{\alpha, \beta } $\end{document}$ *is given by* \[[@CR17]\] $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ w_{n}^{\alpha, \beta }= \textstyle\begin{cases} \max_{1\leq v\leq n}\vert t_{v}^{\alpha, \beta }\vert , & \beta > -1, 0< \alpha < 1, \\ \vert t_{n}^{\alpha, \beta }\vert , & \beta > -1, \alpha =1. \end{cases} $$\end{document}$$

Lemmas {#Sec4}
======

We need the following lemmas for the proof of our theorem.

Lemma 4.1 {#FPar7}
---------

\[[@CR18]\]

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\alpha \leq 1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta > -1 $\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq v\leq n$\end{document}$, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \Biggl\vert \sum_{p=0}^{v} A_{n-p}^{\alpha -1}A_{p}^{\beta }a_{p} \Biggr\vert \leq \max_{1\leq m\leq v} \Biggl\vert \sum _{p=0}^{m} A_{m-p}^{\alpha -1}A_{p}^{\beta }a_{p} \Biggr\vert . $$\end{document}$$

Lemma 4.2 {#FPar8}
---------

\[[@CR19]\]

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(X_{n}) $\end{document}$ *be a quasi*-*f*-*power increasing sequence for some* *η* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\eta <1$\end{document}$). *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(A_{n}) $\end{document}$ *is a* *ξ*-*quasi*-*monotone sequence with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Delta A_{n} \leq \xi_{n} $\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum n \xi_{n} X_{n} <\infty$\end{document}$, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sum_{n=1}^{\infty }n X_{n}\vert A_{n}\vert < \infty, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& nA_{n}X_{n}=O(1)\quad \textit{as }n\rightarrow \infty. \end{aligned}$$ \end{document}$$

Proof of the theorem {#Sec5}
====================

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{n}^{\alpha, \beta }$\end{document}$ be the *n*th $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(C, \alpha, \beta)$\end{document}$ mean of the sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(n a_{n} \lambda_{n} )$\end{document}$. Then the series will be $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi -\vert C, \alpha, \beta; \delta \vert _{k}$\end{document}$ summable (by Definition [4](#FPar4){ref-type="sec"}), if $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{n=1}^{\infty } \frac{\varphi_{n}^{k-1}}{n^{k-\delta k}}\bigl\vert T_{n}^{\alpha, \beta }\bigr\vert ^{k}< \infty. $$\end{document}$$ Applying Abel's transformation and Lemma [4.1](#FPar7){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \begin{aligned}[b] T_{n}^{\alpha, \beta } &=\frac{1}{A_{n}^{\alpha +\beta }}\sum _{v=1}^{n} {A_{n-v}^{\alpha -1}A_{v}^{\beta }va_{v} \lambda _{v}} \\ &=\frac{1}{A_{n}^{\alpha +\beta }}\sum_{v=1}^{n-1} \Delta \lambda_{v} \sum_{p=1}^{v}{A_{n-p}^{\alpha -1}A_{p}^{\beta }pa _{p} }+\frac{\lambda_{n}}{A_{n}^{\alpha +\beta }}\sum_{v=1} ^{n}{A_{n-v}^{\alpha -1}A_{v}^{\beta }va_{v}} , \end{aligned} \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \begin{aligned}[b] \bigl\vert T_{n}^{\alpha, \beta }\bigr\vert &\leq \frac{1}{A_{n}^{\alpha +\beta }} \sum_{v=1}^{n-1} \vert \Delta \lambda_{v}\vert \Biggl\vert \sum _{p=1}^{v}{A_{n-p}^{\alpha -1}A_{p}^{\beta }pa_{p} \Biggr\vert }+ \frac{\vert \lambda_{n}\vert }{A_{n}^{\alpha +\beta }} \Biggl\vert \sum _{v=1}^{n}{A_{n-v}^{\alpha -1}A_{v}^{\beta }va_{v}} \Biggr\vert \\ &\leq \frac{1}{A_{n}^{\alpha +\beta }}\sum_{v=1}^{n-1} {A_{v} ^{\alpha +\beta } w_{v}^{\alpha, \beta } \vert \Delta \lambda_{v}\vert }+ \vert \lambda_{n}\vert w_{n}^{\alpha, \beta } \\ &=T_{n,1}^{\alpha, \beta }+T_{n,2}^{\alpha, \beta }. \end{aligned} \end{aligned}$$ \end{document}$$ We use Minkowski's inequality, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl\vert T_{n}^{\alpha, \beta }\bigr\vert ^{k} =\bigl\vert T_{n,1}^{\alpha, \beta }+T_{n,2}^{\alpha, \beta } \bigr\vert ^{k}\leq 2^{k} \bigl(\bigl\vert T_{n,1}^{\alpha, \beta }\bigr\vert ^{k}+\bigl\vert T_{n,2}^{\alpha, \beta }\bigr\vert ^{k} \bigr). $$\end{document}$$ In order to complete the proof of the theorem, it is sufficient to show that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{n=1}^{\infty } \frac{\varphi_{n}^{k-1}}{n^{k-\delta k}}\bigl\vert T_{n,r}^{\alpha, \beta }\bigr\vert ^{k}< \infty,\quad \text{for } r=1,2. $$\end{document}$$ By using Hölder's inequality, Abel's transformation and the conditions of Lemma [4.2](#FPar8){ref-type="sec"} \[[@CR19]\], we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \begin{aligned}[b] \sum_{n=2}^{m+1} \frac{\varphi_{n}^{k-1}}{n^{k-\delta k}}\bigl\vert T_{n,1}^{\alpha, \beta }\bigr\vert ^{k} \leq {}&\sum _{n=2}^{m+1} \frac{ \varphi_{n}^{k-1}}{n^{k-\delta k}} \frac{1}{(A_{n}^{\alpha +\beta })^{k}} \Biggl(\sum_{v=1}^{n-1} {A_{v}^{\alpha +\beta } w_{v}^{\alpha, \beta } \vert \Delta \lambda_{v}\vert } \Biggr)^{k} \\ \leq {}&\sum_{n=2}^{m+1} \frac{\varphi_{n}^{k-1}}{n^{(1+\alpha +\beta -\delta) k}} \sum_{v=1}^{n-1} {v^{(\alpha +\beta)k} \bigl(w _{v}^{\alpha, \beta }\bigr)^{k} \vert A_{v}\vert } \Biggl(\sum_{v=1}^{n-1}\vert A_{v}\vert \Biggr)^{k-1} \\ ={}&O(1)\sum_{v=1}^{m} {v^{(\alpha +\beta)k} \bigl(w_{v}^{\alpha, \beta }\bigr)^{k} \vert A_{v} \vert }\sum_{n=v+1}^{m+1}\frac{\varphi_{n} ^{k-1}}{n^{(1+\alpha +\beta -\delta) k}} \\ ={}&O(1)\sum_{v=1}^{m} {v^{(\alpha +\beta)k} \bigl(w_{v}^{\alpha, \beta }\bigr)^{k} \vert A_{v} \vert }\frac{\varphi_{v}^{k-1}}{v^{(1+\alpha + \beta -\delta) k-1}} \\ ={}& O(1)\sum_{v=1}^{m} v \vert A_{v}\vert \bigl(w_{v}^{\alpha, \beta }\bigr)^{k} \frac{\varphi_{v}^{k-1}}{v^{k-\delta k}} \\ ={}& O(1)\sum_{v=1}^{m-1}\Delta \bigl(v \vert A_{v}\vert \bigr) \sum_{r=1} ^{v} \bigl(w_{r}^{\alpha, \beta }\bigr)^{k} \frac{\varphi_{r}^{k-1}}{r^{k- \delta k}} \\ & {} +O(1)m\vert A_{m}\vert \sum_{v=1}^{m} \bigl(w_{v}^{\alpha, \beta }\bigr)^{k} \frac{\varphi_{v}^{k-1}}{v^{k-\delta k}} \\ ={}& O(1)\sum_{v=1}^{m-1} \bigl\vert (v+1) \Delta \vert A_{v}\vert -\vert A_{v}\vert \bigr\vert X_{v}+O(1) m\vert A_{m}\vert X_{m} \\ ={}& O(1)\sum_{v=1}^{m-1}v \vert \Delta A_{v}\vert X_{v}+O(1)\sum_{v=1}^{m-1} \vert A_{v}\vert X_{v}+O(1) m\vert A_{m} \vert X_{m} \\ ={}& O(1)\sum_{v=1}^{m-1}v \xi_{v} X_{v}+O(1)\sum_{v=1} ^{m-1}\vert A_{v}\vert X_{v}+O(1) m\vert A_{m}\vert X_{m} \\ ={}&O(1)\quad \text{as } m\rightarrow \infty, \end{aligned} \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \begin{aligned}[b] \sum_{n=2}^{m} \frac{\varphi_{n}^{k-1}}{n^{k-\delta k}}\bigl\vert T_{n,2}^{\alpha, \beta }\bigr\vert ^{k} ={}&O(1)\sum_{n=1}^{m} \vert \lambda_{n}\vert \bigl(w _{n}^{\alpha, \beta } \bigr)^{k} \frac{\varphi_{n}^{k-1}}{n^{k-\delta k}} \\ ={}&O(1)\sum_{n=1}^{m-1}\Delta \vert \lambda_{n}\vert \sum_{v=1} ^{n} \bigl(w_{v}^{\alpha, \beta }\bigr)^{k} \frac{\varphi_{v}^{k-1}}{v^{k- \delta k}} +O(1)\vert \lambda_{m}\vert \sum_{n=1}^{m} \bigl(w_{n}^{\alpha, \beta }\bigr)^{k} \frac{\varphi_{n}^{k-1}}{n^{k-\delta k}} \\ ={}&O(1)\sum_{n=1}^{m-1} \vert \Delta \lambda_{n}\vert X_{n}+O(1)\vert \lambda_{m} \vert X_{m} \\ ={}&O(1)\sum_{n=1}^{m-1} \vert A_{n}\vert X_{n}+O(1)\vert \lambda_{m}\vert X_{m} \\ ={}&O(1) \quad \text{as }m\rightarrow \infty. \end{aligned} \end{aligned}$$ \end{document}$$ Collecting ([24](#Equ24){ref-type=""})-([30](#Equ30){ref-type=""}), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{n=1}^{\infty }\frac{\varphi_{n}^{k-1}}{n^{k-\delta k}}\bigl\vert T_{n}^{\alpha, \beta }\bigr\vert ^{k}< \infty. $$\end{document}$$ Hence the proof of the theorem is completed.

Corollaries {#Sec6}
===========

Corollary 6.1 {#FPar9}
-------------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$(A_{n}) $\end{document}$ *such that it is* *ξ*-*quasi*-*monotone satisfying* ([13](#Equ13){ref-type=""})-([17](#Equ17){ref-type=""}) *and the following condition*: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \sum_{n=1}^{m} \frac{{(w_{n}^{\alpha, \beta })^{k}}}{n^{1-\delta k}}=O(X_{m})\quad \textit{as }m\rightarrow \infty, $$\end{document}$$ *then the series* $\documentclass[12pt]{minimal}
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                \begin{document}$w_{n}^{ \alpha, \beta } $\end{document}$ *is given by* ([20](#Equ20){ref-type=""}).

Proof {#FPar10}
-----

On putting $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\varphi_{n}=n $\end{document}$ in Theorem [3.1](#FPar6){ref-type="sec"}, we will get ([32](#Equ32){ref-type=""}) and the following condition: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \sum_{n=v}^{m} \frac{1}{n^{1+k(\alpha +\beta -\delta)}}=O \biggl(\frac{1}{v ^{(\alpha +\beta -\delta)k}} \biggr). $$\end{document}$$ Here, condition ([33](#Equ33){ref-type=""}) always holds. We omit the details as the proof is similar to that of Theorem [3.1](#FPar6){ref-type="sec"} using the conditions ([33](#Equ33){ref-type=""}) and ([32](#Equ32){ref-type=""}) instead of ([18](#Equ18){ref-type=""}) and ([19](#Equ19){ref-type=""}). □

Corollary 6.2 {#FPar11}
-------------

*Let* $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$(A_{n}) $\end{document}$ *such that it is* *ξ*-*quasi*-*monotone satisfying* ([13](#Equ13){ref-type=""})-([17](#Equ17){ref-type=""}) *and the following conditions*: $$\documentclass[12pt]{minimal}
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Proof {#FPar12}
-----

On putting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$\delta =0 $\end{document}$ in Theorem [3.1](#FPar6){ref-type="sec"}, we will get ([34](#Equ34){ref-type=""}) and ([35](#Equ35){ref-type=""}). We omit the details as the proof is similar to that of Theorem [3.1](#FPar6){ref-type="sec"} using the conditions ([34](#Equ34){ref-type=""}) and ([35](#Equ35){ref-type=""}) instead of ([18](#Equ18){ref-type=""}) and ([19](#Equ19){ref-type=""}). □

Corollary 6.3 {#FPar13}
-------------

\[[@CR14]\]

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X_{n}$\end{document}$ *be a quasi*-*f*-*power increasing sequence for some* *η* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\eta <1$\end{document}$) *and there exists a sequence of numbers* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(A_{n}) $\end{document}$ *such that it is* *ξ*-*quasi*-*monotone satisfying* ([13](#Equ13){ref-type=""})-([17](#Equ17){ref-type=""}) *and the following conditions*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{n=1}^{m} \frac{{(w_{n}^{\alpha })^{k}}}{n}=O(X_{m}) \quad \textit{as }m\rightarrow \infty, $$\end{document}$$ *then the series* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\sum a_{n}\lambda_{n}} $\end{document}$ *is* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vert C, \alpha \vert _{k}$\end{document}$ *summable*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\alpha \leq 1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k\geq 1$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w_{n}^{\alpha } $\end{document}$ *is given by* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ w_{n}^{\alpha }= \textstyle\begin{cases} \vert t_{n}^{\alpha }\vert ,& \alpha =1, \\ \max_{1\leq v\leq n}\vert t_{v}^{\alpha }\vert ,& 0< \alpha < 1. \end{cases} $$\end{document}$$

Proof {#FPar14}
-----

On putting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi_{n}=n $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta =0 $\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta =0 $\end{document}$ in Theorem [3.1](#FPar6){ref-type="sec"}, we will get ([36](#Equ36){ref-type=""}) and the following condition: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{n=v}^{m} \frac{1}{n^{1+k\alpha }}=O \biggl(\frac{1}{v^{k\alpha }} \biggr). $$\end{document}$$ Here, condition ([38](#Equ38){ref-type=""}) always holds. We omit the details as the proof is similar to that of Theorem [3.1](#FPar6){ref-type="sec"} using the conditions ([38](#Equ38){ref-type=""}) and ([36](#Equ36){ref-type=""}) instead of ([18](#Equ18){ref-type=""}) and ([19](#Equ19){ref-type=""}). □

Conclusion {#Sec7}
==========

The aim of our paper is to obtain the minimal set of sufficient conditions for an infinite series to be absolute Cesáro $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi -\vert C, \alpha, \beta; \delta \vert _{k}$\end{document}$ summable. Through the investigation, we may conclude that our theorem is a generalized version which can be reduced for several well-known summabilities as shown in the corollaries. Further, our theorem has been validated through Corollary [6.3](#FPar13){ref-type="sec"}, which is a result of Bor \[[@CR14]\].
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